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Abstract 



In this paper, a class of Kolmogorov systems with delays are studied. Suffi- 
cient conditions are provided for a system to have a compact uniform attractor. 
'. Then Jansen's resuh (J. Math. Biol. 25 (1987) 411-422) for autonomous repli- 

ed I cator and Lotka-Volterra systems has been extended to delayed nonautonomous 

Kolmogorov systems with periodic or autonomous Lotka-Volterra subsystems. 
Thus, simple algebraic conditions are obtained for partial permanence and per- 
manence. An outstanding feature of all these results is that the conditions are 

^ ' irrelevant of the size and distribution of the delavs. 
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. 1 Introduction 

H 

_cp_- Kolmogorov systems of differential equations have been used to model many biological 

problems and many variations of such systems have been extensively studied. Among 
the various investigations, permanence or uniform persistence is related to the problem 
of coexistence of species and received much attention in the last few decades. Here we 
only mention a few examples. Mierczyhski and Schreiber [T7] dealt with autonomous 
Kolmogorov system with robustly permanent subsystems. Kuang [12] and Tang [18\ 
investigated delayed nonautonomous Kolmogorov systems and obtained permanence 
criteria, which depend on successful construction of Lyapunov functions or function- 
al. Yang [20] studied persistence of a single-species Kolmogorov equation with delays. 
Examples of permanence of special classes of Kolmogorov systems without delays, in- 
cluding Lotka-Volterra differential systems, are given by Ahmad and Lazer [1], Ahmad 
and Stamova [2], Baigent and Hou [1], Hofbauer and Schreiber [6], Zhao and Jiang 
[21] . In particular, for the autonomous Lotka-Volterra system 

x'i = x^{ri + Aix), t e In = {l,2,...,N}, (1) 
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where Ai is the ith row of the N x N matrix A, Jansen [IT] (see also [TJ Ch.l3]) 
proved that ([T]) is permanent if there is a vector q G intM:!J' such that the inequahty 
g-^(r + Ax) > holds for every fixed point x G dM.^. Examples of permanence for 
special delayed Kolmogorov systems are given by Chen, Lu and Wang 0, Hon [8]- 
[lO] . Li and Teng [13J, Liu and Chen [H], Lu, Lu and Enatsu |15], Mukherjee [T6] . 
Teng [19], and the references therein. In particular, for autonomous Lotka-Volterra 
differential systems with multiple delays, sufficient conditions for permanence, which 
are easily checkable inequalities involving the constant coefficients of the system, were 
obtained in [T5] . 

In this paper, we are going to extend Jansen's result to a class of delayed nonau- 
tonomous Kolmogorov systems with Lotka-Volterra subsystems on the boundary 
having constant interactions and periodic intrinsic growth rates. 

We shall consider the delayed nonautonomous Kolmogorov system 

x[ = Xifi{t,xt), ieiN, (2) 

where / : Mq x C'^ ^ is continuous, Mq = or [t, oo) or (t, oo) for some t G M, 
C+ = C{[-T, 0], M^) for some r > and Xt{e) = x{t + 6) for 6 G [-r, 0]. Assume that 
the if) are locally Lipschitzian in ip. Then, for each Iq G Mq and every G C"*", the 
solution x(t,to,{p) of ([2]) with xt^ = (p is unique, satisfies Xt G C"*" for t in its existing 
interval [to,fi), and depends on the initial data {to,ip) continuously. In general, we 
may not have fi = +oo. Even if we have fi = +oo, x{t,to,ip) may not be bounded 
on [to, +oo). Even if each solution exists on [tg, +oo) and is bounded, ([2]) may not be 
uniformly bounded. A system is called uniformly bounded if there is an M > such 
that every solution satisfies \x{t)\ < M for sufficiently large t. Moreover, the delays 
in ([2]) may cause dramatic changes on the behaviour of solutions. For example [5], 
replacement of a term x{t) by x{t — r) in a uniformly bounded system may induce 
unbounded solutions. A system is called permanent if there are 6 > and M > 6 such 
that every solution in intM^ satisfies 

Vi G In, V large enough t, 6 < Xi{t) < M. 

We say that solutions of ([2]) in intR^ are uniformly bounded away from the boundary 
dEJ^ if there is a 5 > such that 

V? G In, V large enough t, Xi{t) > 6. 

Thus, ([2]) is permanent if and only if ([2]) is uniformly bounded and the solutions in 
intR;!]^ are uniformly bounded away from dM^. Some available results (such as |12j . 
[18] , [IB] and [T7j) on permanence assume the uniform boundedness while others (such 
as [T^ and [2U]) prove the uniform boundedness under certain assumptions. There are 
various conditions for uniform boundedness of autonomous Lotka-Volterra systems 
(see [3 Ch.l5]). 

In this paper, we are going to provide sufficient conditions to ensure that ([2]) has a 
compact uniform attractor, an even better property than uniform boundedness, to be 
defined later. We shall see that our permanence results reply on this property. So we 
shall establish a few results for this property and then deal with permanence. 

In this paper, the norm | ■ | on R^ is taken to be |x| = max{|a;j| : i E In} and the 
norm || ■ || on is taken to be \\ip\\ = ma.x{\ip{6)\ : 6 G [— r, 0]}. 
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2 Main results 



We first describe a compact global attractor of ([2]) in that is positively invariant and 
every solution Xt{tQ, f) will enter and stay in this attractor after a finite time uniformly 
for to G Mq- Also, if in the boundary of this attractor if and only if <f{6) G dM.^ for all 

ee[-r,o]. 

Definition 1 System ([2]) is said to have a compact uniform attractor Q C if 

(i) Q is compact; 

(ii) for each ip G C"*", there is a T{ip) > such that Xt(to, ip) & Q holds for all to ^ l^o 
and all t > to + ^(v^); 

(iii) Xt(to, V^) G holds for alHo ^ I^o, ^ ^ and t >to; 

(iv) for each ^9 G and every i G /at, v^i(6'o) = for some 6^0 G [— r, 0] if and only if 
iPii9)=0on [-r,0]. 

Clearly, if (|2]) has a compact uniform attractor then it is uniformly bounded. Con- 
versely, If ([2]) if uniformly bounded, does it have a compact uniform attractor? We 
cannot answer this question in general but the answer is positive if ([2]) is autonomous. 

Proposition 1 // ^ is autonomous and f is bounded on any bounded set S C , 
then it is uniformly bounded if and only if it has a compact uniform attractor. 

Proof Suppose ([2]) is autonomous and uniformly bounded. Then 

3M > 0, Vy? G C+, 3T = T{ip) > such that Vt > T, |x(t, ip)\ < M. (3) 

Thus, for each (f G with \\ip\\ < M, there is ti{(f) G [0,T{(f) + r) such that 
\\xti(p)\\ < M for all t > ti but, if ti > 0, = M. Let 

S = {xt{ip) -.ipeC^, \\ip\\ <M,t> ti(^) + r}. 

We show that Q = S, the closure of S, is a compact uniform attractor. Since Q is 
bounded, by the assumption on / there is a p > such that |/(v?)| < p for all (p & Q. 
Then, for t > ti{(p), we have 

Vi G lN,Xi{t,Lp) = x{ti,ip)exp(^j^ fi{s,Xs{^))ds'^ 

so 

Vz G lN,x{ti,ip)e-P^'-''^ < Xi{t,ip) < x{t^,ip)eP^'-''l 

This shows that the functions over [— r, 0] in S are equicontinuous. As the inequalities 
for boundedness and equicontinuity of the functions in 5* are retained for any limit 
function of a convergent sequence (refer to the proof of Theorem [1] given in section 3), 
by Arzela-Ascoli theorem, Q is relatively compact. As Q is also closed, Q is compact. 
By the definition of Q, it is positively invariant. From ([3]) we see that for each ip G C^, 
Xt{ip) G Vt for all t > T{ip) + 2r. From the definition of Q again, we know that for 
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any ^ Q, ipi{6o) = for some ^ [~''"; 0] if and only if i/jii^) = 0. Therefore, 17 is a 
compact uniform attractor. I 

Open Problem If / is bounded on Rq x S* for any bounded set S C C+ and f(t, ip) 
is (i) periodic in t or (ii) almost periodic in t or (iii) asymptotic to g{(p), find an extra 
condition (if necessary) so that the uniform boundedness of ([2]) implies the existence 
of a compact uniform attractor. 

Definition 2 A square matrix P with nonpositive off-diagonal entries is called 
an M- matrix if one of the following equivalent conditions is met: 

(a) The leading principal minor determinants of P are all positive. 

(b) There is a vector x > (i.e. x G intM^) such that Px > 0. 

(c) There is a vector y > such that P^y > 0. 

(d) The matrix P is nonsingular and the entries of P"^ are all nonnegative. 

(e) The real parts of the eigenvalues of P are all positive, i.e. the matrix —P is 
stable. 

For any vector u G M^, let D{u) = diag[Mi, . . . ,un]- 

Theorem 1 Assume that ^ meets the following requirements. 

(i) The fi are bounded onM.^ x S for any bounded set S C . 

(ii) For all {t, y?) G Mq x C'^ and i G In, 

f^{t, < A + ^ a., / Vjie)d^,,{9) - c,<^,(0), (4) 

where (3i > 0, aij > 0, q > and the are nondecreasing with 

^hJ^lN, ei,(0)-e^,(-r) = 1. (5) 

(iii) The matrix D{c) — A with A = [aij) is an M-matrix. 
Then ^ has a compact uniform attractor. 

Remark 1 The conditions of this theorem are irrelevant to either the size r > or 
the distribution of the delays. This eminent feature applies to all the results given in 
this section. 

Remark 2 Conditions (iii) is crucial. When (iii) is not met, the conclusion may not 
be true; even the boundedness of solutions may no longer hold. For example, suppose 
> 0, Qij > for i,j E In {i 7^ j) in dl])- It is shown that [71 Lemma 15.1.2] if A 
has an eigenvalue A > and a row vector f > such that vA = Xv then ([1]) has an 
unbounded solution in intM^. Indeed Proof of Lemma 1], ([1]) has an unbounded 
solution in intM^ if A is unstable, i.e. —A is not an M-matrix. 
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Theorem 2 Assume that ^ meets the following requirements, 
(i) The fi are bounded onRo x S for any bounded set S C . 
(a) For all {t, G Mo X and i G In, 

fi{t,f)<P^-c, j\mdiu{e), (6) 

where /3j > 0, q > and the are nondecreasing and satisfy 
Then ^ has a compact uniform attractor. 

Remark 3 For = 1, Yang [20] derived boundedness of solutions under some 
assumptions which are met if (ii) holds. However, from Definition [1] we see that the 
property of having a compact uniform attractor is more that just boundedness. 

The next result is the combination of Theorems [T] and [2] when the system can be 
arranged into triangular form of subsystems, of which each satisfies either Theorem [1] 
or El 

Theorem 3 Assume that 1^ has a partition {J^,...,/™"} (m > 1) such that for 
(t, v?) G Ro X C+ with if = {(p\ . . . , <^™), 

V2G/\ /.(t,^) < Gli^'), (7) 
G I'{k > 1), y,) < Ftit, ^'-') + G\y,'), (8) 

where the are bounded on Mq x S for any bounded set S C and each has 
either the form 



-Tl. J —T 



(9) 



\k Ak 



with D(c) — A an M-matrix, or the form 

G /^ Gii^') = A - Q I' v-muo)^ (10) 

where the Pi, aij, Ci and ^ij are the same as in and D{c)'' — A'' is the corresponding 
X matrix. Then ^ has a compact uniform attractor. 

The main purpose of establishing these theorems for a system to have a compact 
uniform attractor is to apply this property to the study of permanence. 

Definition 3 For any nonempty set J (Z In, (Ej) is said to be partially permanent 
with respect to J if there exist 6 > and M > 6 such that, for all (to, y?) G Mq x C"*" 
with (pi{0) > for all i E J, the solution of ([2]) satisfies 

Vi G J, V large t, 5 < Xi{t, to, (p) < M. 
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From this definition we see that ([2]) is permanent if it is partially permanent with 
respect to J = 1^. 

For any i & In and Vt C let i7j = {(^ G i7 : v^j = 0}. 

Theorem 4 Assume that ^ satisfies the following conditions, 
(i) ^ has a compact uniform attractor Vt C . 

(a) f is bounded on Mq x 1] and uniformly Lipschitzian on Q, i.e. there is a K > 
such that 

Vt eMo,V<^,V'efi, \f{t,^)-fit,n<Ky-ij\\. 

(Hi) For a nonempty set J G In o,nd G Uj^jfij, f{t,(p) is To-periodic. 

(iv) There are > 0, i G J, for each (to, v?) G Mq x (Uigjfij), there is a T(to, f)>0 
such that 

I y2qifi{to + s,Xto+s{to,f))ds> 0. (11) 
-^0 ieJ 

Then ^ is partially permanent with respect to J. If J = In then ^ is permanent. 

Remark 4 This theorem when J = In can be viewed as an extension of [71 Theorem 
12.2.1] from a system without delays on a closed set Sn C M^" to ([2]) on Mq x C+. 
Unfortunately, it is not easily applicable to any concrete system as condition (iv) is 
hardly checkable. However, we can develop an easily checkable condition for a class of 
systems based on this. 

A particular case of ((21) is that 

fiit,ip) = r,{t) + U{^)-F.i{t,^), (12) 

U{^) = 5^a,W ^^{e)di^,{e) -Y,h, ^,i9)dr],,ie), (13) 
i=l -^-^ i=l "^-^ 

Vz, j G In, dij > 0, bij > 0, ba > 0, (14) 
where the are continuous To-periodic with 

1 f'^° 

G Vto G Mo, — / ri{to + s)ds = > 0, (15) 
-Lq Jo 

and the and nondecreasing with 

Vz, J G /;v, - e.,(-r) = - mA-r) = 1- (16) 

We assume that the Fi are nonnegative, bounded on Mq x 5 and uniformly Lipschitzian 
in 9? G 5 for any bounded set S C . We assume also that ([2]) with (fT2l)- (fT6ll meets 
the requirement of one of Theorems [IH3] or Proposition [H Then ([2]) with ( IT2l) - (|T6l) 
has a compact uniform attractor VL C and / is bounded on Mq x and uniformly 
Lipschitzian on fi. From now on ([2]) with (fT2l) - (|T6l) is always assumed to have these 
properties. 
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In addition to ([2]) with (fT2|) -( !T6|) . consider also the autonomous Lotka-Volterra 
system 

x[ = Xi{fi + {A - B)ix), ieiN, (17) 

where A = (aij) and B = (bij). Denote the ith coordinate plane by tTj = {x G : 
Xi = 0}. 

Theorem 5 For with n^l - iH^) and a nonempty set J C In, assume also that 

Vj G /iv,Vt G Mo,V^ G U.ej^, Fj{t,^) = 0, (18) 

3qi > for z G J such that ^ qi{fi + {A - B)ix) > (19) 

for all fixed point x of [17^ in UjgjVTj. Then ^ with / l71j) -/ [7^) is partially permanent 
with respect to J. If also J = I^ then ^ with / l7^) -/ f7^) is permanent. 

Remark 5 This theorem when J = In is the extension of Jansen's result [H] from 
autonomous replicator and Lotka Volterra systems to ([2]) with f|T2|) - f|T6|l (see also [TJ 
Theorem 13.6.1 and Exercise 13.6.3]). 

Note that permanence of ([2]) with respect to {i} for every z G J implies permanence 
with respect to J. Then applying Theorems H] and [5] to each i E J we obtain the 
following corollaries. 

Corollary 1 Assume that ^ satisfies the conditions (i)-(iii) of Theorem^ More- 
over, for each i E J and every (to, </?) G Mq x Qi, there is a T(to, (fi) > such that 

fi{to + s, xto+sito, ip))ds > 0. (20) 

Then ^ is partially permanent with respect to J. If also J = In then ^ is permanent. 

Corollary 2 Assume that ^ with fT^) - fTB) satisfies fT8\} . Moreover, for each i E J 
and every fixed point x of ( (77| ) in Hi, we have fi + {A — B)iX > 0. Then ^ with (fi^)- 
flU) is partially permanent with respect to J. If also J = In then ^ with ^E)-^^) 
is permanent. 

When J = In, if we apply Corollary [2] to every subsystem of ([2]) with f|T2l) - f|T6l) 
and (fTSll . we obtain the following. 

Corollary 3 Assume that ^ with fTB) - fT^} and fT^) satisfies 

yi e In,^x ETTi (fixed points of (fTT])). n + (A - B)d > 0. (21) 
Then ^ and all of its subsystems are permanent. 
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Remark 6 Mierczynski and Schreiber [T71 Corollary 3.1] proved that if (1T7|) is dissi- 
pative then fl21l) is a necessary and sufficient condition for (11 7p and all of its subsystems 
to be robustly permanent, i.e. all small perturbations of the systems (in some sense) 
are permanent. Ahmad and Lazer [Ij extended this result to nonautonomous compet- 
itive Lotka-Volterra system 

x[{t) = Xiit)[n{t) - A^xit)], I G In. (22) 

where the are bounded continuous satisfying 

Vi G /at, lim m(rj, to, + ^) = > uniformly for to G Mq. (23) 

T— >-oo 

Hou [8] and [9] further extended it to delayed nonautonomous Lotka-Volterra systems 
of the form 

x\{t) = Xi{t)\ri{t) ^ U{xt)\ ,ielN, (24) 

where the rj are the same as in (l22l) and the Li{ip) are given by (fT3|) . (fT^ and ffT6|) . 
Here Corollary [3] can be viewed as a further partial extension of Corollary 3.1] to 
([2D with ([T2D-([T6D and (fT8|). 

Open Problem Can Theorem [5] and Corollaries [2] and [3] be extended to ([2]) with 
([I2D-([I1D, (HE]) and (USD but the u satisfy (ESD instead of being To-periodic? 



3 Proof of the existence of a compact uniform at- 
tractor 

Proof of Theorem [1] Since D{c) — A is an M- matrix, there is a vector d G intM^ 
such that (-D(c) — A)d > 0, i.e. 

Vi G In, Cidi - Aid > 0. (25) 

Let 

Mo = maxj , ^\ , : « G /;v|, (26) 
L Cidj — Aid J 

y^p^C^, \\(p\\d-i = sup < max (pi{6)d^^ > . (27) 

We divide the rest of the proof into the following five steps. 

Step 1 For any G with ip{0) ^ and G Mo, the solution Xtit^^ ip) exists on 
[to, oo) and satisfies 

\\xt{to,'p)\\d-^ < max{||(p||d-i,Mo}. (28) 

For if there is a ti > to such that HsfJIf^-i > max{||(y9||rf-i. Mo}, then there are t2 G 
(to,ti] and i E In satisfying 

Xi{t2)di^ = |x(t2)|d-i = max \x(t)\d~i = Wxp^Wd-^ > lla^tJU-i > Mq. 

to—T<t<tl 
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This implies x[{t2) > 0. On the other hand, however, from ([2]), and (I25|) - (l27|) we 
have 

x'M < Xi{t2)[(3i + AidWxt^Wd-i - CidiXi{t2)di^] 
= Xi{t2)[(3i - {cidi - Aid)\\xt2\\d-A 
< Xi{t2){cidi - Aid){Mo - \\xt, lld-i) < 0. 

This contradiction shows the truth of fl28l) on the existing interval of x and (!28l) ensures 
the extension of the solution to [to, oo). 

Step 2 We claim that if Hv^lU-i > Md then 11x^11(^-1 is nonincreasing as long as 
ll^^tlld-i > Mq. For if there are t2 > ti > such that 

then there are G (^1,^2] and i E In satisfying 

Xi{t^)di^ = \x{t'i)\d-i = max \x{t)\d-i = Wxt-^W^-i > \\xt:,\\d-^- 

tl—T<.t<.t2 

Thus, 2:^(^3) > 0. However, by the same technique as that used in the proof of (128|) . 
we derive x'^it^) < 0, a contradiction to x'^its) > 0. This shows the truth of our claim. 
Step 3 We show that for every (to, v^) G Mq x C~^, 

limsup||xt(to,<^)||d-i < Mo. (29) 

If this is not true, then some solution satisfies limsup(_j.o^ > Mq. From step 2 

we know that is nonincreasing so limt^oo lla^tlU-i = Mq > Mq. Let 

Ui = limsnp Xi(t)d^^ , Uj = maxj-Uj : i G Ijy} 

t—^oo 

for all i and some j in 1^. We look for an increasing sequence {t^} with tjt — )■ 00 as 
/c — > 00 such that 

lim x'Atk) = and hm Xj{tk)dj^ = Uj. (30) 

k^oo fc— >-oo 

If Xj{t) is not monotone for large t then we take a sequence {t^} so that each Xj{tk) is a 
local maximum of Xj{t). This sequence certainly fulfils fl30p . If Xj{t) is nondecreasing 
(nonincreasing) then x'j(t) > (< 0) and, by the boundedness of x, hminfi_j,oo x'j{t) = 
(lim supj_^oo x^- (t) = 0). Then we can choose a sequence {t^} satisfying (l30l) . 
We check that Uj = Mq. From fl30l) we have 

Uj = lim Xj{tk)dj^ < lim ||x(^||(;-i = lim = Mq. 

fc— s>oo k~^oo t— )-oo 

On the other hand, for any e > 0, by the definition of Uj there exists T > Iq such that 

Vi G In, Vt > T, Xi{t)d-^ < uj + e. 

From this follows ||a;t||d-i < uj + e for t > T + r. Since is nonincreasing, we 

have Mq < Uj + e so Mq < as £ — )■ 0+. Therefore, = Mq. Then it follows from 
this and that 

lim Ek = lim 5^ = 0, 

A;— >oo k—^00 
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where 

VA; > 1, ek = Xj{tk)dJ^ - Mq, 5k = \\d-i - Mo- 



Thus, from (E]), (Hj), ([25]) and ([26]), 



= Xj (tfc) [/3j + Ajd{Mo + 6k)- Cjdj{Mo + Ek)] 



< Xj (tfc ) (cj dj — Aj d) 



Mo - Mo + 



Ajd6k — CjdjSk 
Cjdj Ajd 



Modj{cjdj - Ajd){Mo - Mo) {k ^ oo) 
< 0. 

This contradicts (l30l) and hence shows ([29]) . 

Step 4 We show that for each Mi > Mo and every ip G C+ with (p{0) ^ 0, there 
is a T = T((^, Ml) > such that 

Vto G Ro, Vt > to + T, ||xt(to,</')||d-i < Ml. (31) 

Suppose this is not true. Then, for some G with v'(O) 7^ and Mi > Mo, by 
(12^ there are {tjt} C Mo and {T^} C [3r, 00), f 00 as A; — )■ 00, such that 

Vfc > 1, ||a;t,+T,(tfc,<^)IU-i = Mi, Vt >tfc + Tfc, ||xt(tfc,(^)|U-i < Mi. (32) 

From step 2, ||a;t(tfc, </?) is nonincreasing for t G [tfc,tfc + ^fc]- Since the function 
||a;t(tfc, V9)||(i-i is continuous, with 

gk{t) = \\xt-2Titk,^p)\\d-^ - \\xt{tk,ip)\\d-i, 

Qk is continuous and nonnegative for t G [tk + 2T,tk + Tk]. So there is an Sk G 
[tk + 2r, tk + Tk] such that 

gk{sk) = mm{gkit) : t E [tk + 2r, 4 + T^]}. 

(4a) We first show that 

hm gk{sk) = 0. (33) 

Suppose (133]) is not true. Then Urn sup^^^ gk{sk) > 0. By choosing a subsequence of 
{sk} if necessary, we may assume the existence of po > and an integer K such that, 
for all k > K, gk{sk) > Po so that 

Wt e[tk + 2r,tk + Tk], \\xt^2Titk,f)\\d-^ > \\xt{tk,ip)\\d-i + Po- (34) 

Let ruk be the greatest integer part of Tfc/(2r). Then {m^} is unbounded due to the 
unboundedness of {Tk}. However, by step 2 and repeatedly using ( IMI) . we have 

IIV^IU-i > \\Xt^,+n-2Tmdtk,V)\\d-■^ 

> \\Xt^+n-2r{mt:-l){tk,V)\\d~^ +P0 

> mkPo+ \\xt^+Tk{tk,^)\\d-^ 
= rUkPo + Ml. 
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This contradiction to the unboundedness of {m^} shows the truth of (133|) . 

(4b) We next show that for each k > 1, there is an G [sk — t, Sk] satisfying 

f4l|a;t(4,V5)||d-i) >--gk{sk)- (35) 
\at / t=£fc r 

If gk{sk) = then 

||a;t(^fc,V^)IU-i = \\xski^k,v)\\d~^ for t G [sfc - 2r, s^] 

so ^||xt(tfe, V9)||(i-i = for t G (sfc — 2r, s^). In this case, ik = Sk — t meets the 
requirement of fl35|) . Suppose gk{sk) > and fl35l) does not hold for any ^ [-Sfc — t, Sfc]. 
Then j^\\xt{tk,(p)\\d--^ < —gkisk) for almost every t G [s^ - r, so 

gk{Sk) = \\Xs^^-2Titk,^p)\\d-^ - \\Xs,,{tk,^)\\d-i 

> \\Xs^,^T{tk,'P)\\d-^ - \\Xsk{tk,f)\\d-^ 

' d \ 
— \\xt{tk,(p)\\d-^ jdt 

> 25(fc(sfc). 

This contradiction to < gk{sk) < 2gk{sk) shows the existence of ik satisfying ([35]) • 

(4c) We further show that for each k > 1, there are Wk G [ik — 'T,ik] and ik G In 
such that 

2di 

x'i^{wk,tk,ip) > — -^gk{sk). (36) 
Indeed, for each /c > 1, there are Wk G [ik — t, ik] and ik G In such that 

11x4(4, V2)||d-i = \x{wk,tk,<f)\d-i = Xi^{wk,tk,ip)di^. 
For small 5 > Wk — 5 & [ik — r — 5,ik — S\ so 

-^[^iki.'^k - S,tk,ip) - Xi^{Wk,tk,ip)]d~^ 

> -^[\x{wk - 6,tk,f)\d-i - \\xe^{tk,(p)\\d-^] 

> -^[\\xi,-s{tk,^)\\d-^ - ||x4(tfc,(^)||d-i]. 
As 5 — J- 0+, the above inequalities lead to 

d 



x'iS^k.^,v)di^ > 



Then (]36l) follows from this and ( ]35l) . 

Now armed with (4a)-(4c) we are able to construct a contradiction. By choosing 
a subsequence of {A;} if necessary, without loss of generality, we may assume that 
ik = io ^ In for all > 1 so that fl36l) becomes 



2di 

xLiwk,tk,f) > -gk{sk) 

T 
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It then follows from this and (133|) that 

lim inf x'. {wk,tk,f) > 0. (37) 

Nevertheless, from (H, (H, ([25]), ([26]), step 2 and the equalities below ([Ml), 

x'i^{Wk, tk, ip)/Xi^{Wk, tk, ip) 

< (3i,, + Ai^d\\x^^{tk,<f)\\d-i ~ Ci,,di^,Xi„{wk,tk,<f)d~^ 

< (3i^ + Aiorf||xs^_2r(4,V5)||d-i - Ci,,dijxe^{tk, ^)\\d~i 

< (3i,, + v4iod(||x,^(tfc,V5)|U-i +gk{sk)) - Cio4J|x,^(tfc,V5)|U-i 

< - (Qo'^io - Aod)Mi + Ai^dgk{sk) 

< {ci,di^ - A^d){Mo - Ml) + Ai^dgkisk). 

From (132!) and step 2 we know that 

Xio{wk,tk,ip)d:r^ = \\xi^(tk,f)\\d-^ > \\xs^(tk,(p)\\d-^ > Ml. 
As Ml > Mo, from fl33|) and the above inequalities we obtain 

limsup x'i^^{wk,tk,ip) < di^Mi{ci^di^^ - Ai^d){Mo - Mi) < 0. 

fc— ^oo 

This contradiction to (137]) shows the existence of T = T(y9, Mi) > satisfying (!3T|) . 

Step 5 Construction of a compact uniform attractor f2 C C"*". For this purpose, 
fix an Ml > Mq and let 

S-o = G C+ : M\d-^ < Ml}. 
Then, by the assumption on /, there is a p > such that 

Ml e InM^.v) e Mo X So, \fiit,ip)\ < p. 

Define 

n = {ipESo:yiE In, V^i, 02 E [-r, 0] with 9i < 02, holds}, (38) 

^,{9i)e-^^''^''^^ < ^,{02 < y..(0i)e^(^-^^). (39) 

We check that this f2 is a compact uniform attractor. 

(i) For any convergent sequence {f^} C Q with a limit (f^ E C~^, since all the 
inequalities for each yj" in the definition of 5*0 and Q are retained for ^9°, we have 
</9° G so f2 is closed. By fl39l) we have 

^i{0i)[e-^^''-'^^ - 1] < V^i02) - ViiOl) < v^{0l)[e''^''-''^ - 1] 

so 

|</'^(^2)-^.(^i)| < \d\Mipe^P\02~0i\. 

This shows that the functions in Q over [— r, 0] are equicontinuous. Since Q is bounded, 
by Arzela-Ascoli theorem, Q is relatively compact. This, together with the closedness, 
shows that Q is compact. 
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(ii) For each y9 G fi, from step 2 we know that Xt{to,ip) G 5*0 for all to ^ ^^nd 
t > to. For any t2 > ti > t^, integration of ([2]) gives 

Xi{t2,to,ip) = Xi{ti,to,ip)exp( [ fi{s,Xs{to,v))ds 



so 

Xi{h,to,ip)e~f^'^~''^ < Xi{t2,to,^) < x,{t,,to,ip)eP^'^-''\ 

This shows that Xt(to, ip) E Q $ ioi t > to + r. For t G (to, to + r) and —r < 9i < 
6'2 < 0, if t + 6*1 > to then 

Xi{t + e2,to,(p) = Xi{t + ei,to,ip)exp( / fi{t + s,Xt+s{to,^))ds 



so 

+ 9^,to, v)e-P^'^-''^ < Xi{t + 02, to, if) < Xi{t + 9,,to, ^)eP^'^-''\ (40) 

lit + e2<to then Xt^Oj, to, v^) = ipit - to + ^i) for j = 1, 2 so (|40]) follows from ([39]). 
If t + 6*1 < to < t + 6^2, then 

x,{t + e2,to,^) < </^,(0)e''(*+^^-*«) 

< ipi{t - to + ^i)e''(*«-*-^i)e''(*+^2-*o) 

= x,(t + ^i,to,<^)e^(^^-^^), 

x,{t + e2,to,^) > <^.(0)e-^(*+'^-*°) 

> (^i(t - to + ei)e-P^'"-'-^'^e-P^'+^''-'"^ 

= x,{t + 9,,to,^)e-'^''-''l 

Thus, (HQ]) holds and X((to,V5) G Therefore, G i7 implies X((to,</') G i7 for all 
to G Mo and all t > to- 

(iii) For each ip G C~^, from step 4 we know the existence of T = T{ip) > such 
that Xt{to,'p) G 5*0 holds for all to G Mq and t > to + T. Then from (ii) we obtain 
a;t(to, 99) G f2 for t > to + T + r. 

(iv) For each ip E Q, fl5U]) implies that ipi{9o) = for some i E In and some 
^0 e [-T, 0] if and only if (pi{e) = on [-r, 0]. 

Therefore, Q defined by (!38|) is a compact uniform attractor of ([2]). ■ 
Proof of Theorem [2] The techniques of the proof are the same as those of [H 
Lemmas 1, 3, 4] and part of [THl Lemma 3.1]. But for completeness we give a full 
outline following the proof of Theorem [T] For (to,v?) G Mq x with ipi{0) > 0, we 
have 

a;-(t,to,v?) < l3iXi{t,to,(p) 

so for t > to + T and 9 G [— r, 0], {xi)t{9) > Xi{t, to, 9?)e^'^. Hence, for t > to + r in its 
existing interval, 

r /"° 1 

x'iit, to, v?) < Xi{t, to, ip) [a -Ci j e^''^d^ii{9)xi{t, to, <^)J . (41) 

Let 

= ro = max{pi : i G In}- (42) 

a }_^eP-^diii{9) 
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Then to, f) is decreasing as long as Xi{t, to, f) > Pi- This shows the existence and 
boundedness of x(t, to, f) on [to, c>o). 

Now multiplying (141 p by — Xj~^(t, to, V5)e'''*^*~*°) and integrating, we obtain 

Xi{to + t,to,^) < ,1 7T. (43) 

From this follows 

limsupXi(t,to,v?) < Pi < 

t—^oo 

Moreover, for any fixed p > p'^, ( H3|) shows that for all ip G C~^, there exists a T = 
T((/?) > such that 

Vto G Mo, Vt > to + T, Wxtih, ip) II < p. (44) 

Let 

^0 = e C+ : ll^ll < p}. 
Then, by the assumption on /, there is an a < such that 

G In, V(t, (^) G Mo X So, a < fi{t, ip) < A. 

Define 

n = {ipe So:\/ie In, V^i, 02 G [-r, 0] with < 62, gS]) holds}, (45) 

ip0,)e"^'^~'^^ < ^,{62) < ^,(ei)e^'(^^-^^). (46) 

We check that this f2 is a compact uniform attractor. 

(i) The compactness of Q follows from the same proof as that of Theorem [H 

(ii) For each (/? G fi, we have {xi)t{6) > Xi{t, to, v?)e^'^ for all t > to. So dH]) and (iSl) 
hold for all to G Mo and all t > to- Thus, Xt{tQ, ip) G 5*0 for all to G Mo and all t > to. 
Then, with minor modification to the proof of Theorem [1], we have Xt{to,(p) G fl for 
all to G Mo and all t > to- 

(iii) From (IHD it follows that 



G C+, 3T = T(v9) > such that Vto G Mo, Vt > to + T, Xt(to, <^) G fi. 

(iv) For each G ^2, fj46|) implies that (piiOo) = for some i & In and some 
^0 e 0] if and only if (^i(^) = on [-r, 0]. 

Therefore, defined by fHS]) is a compact uniform attractor of ([2]). ■ 

Proof of Theorem [3] Since x^(t) < Xi(t)G'J(x^) for i G with the assumption (Q 
or (fTOj) . by Theorem [1] or |2] this subsystem has a compact uniform attractor Q^. Since 
i^^(t, v?^) is bounded on Mo x there are > ioi i e P such that F^{t, (p^) < (3- 
on Mo X n\ Then x^(t) < Xi{t){l3'^ + ^^(x?)) for i G and (to,</?) G Mq x C+ with 
p^ E Q^. By the assumption or ( TTUj) and Theorems [T] and [H the subsystem for 

has a compact uniform attractor fi^. Repeating the above process, we obtain a 
compact uniform attractor of the subsystem for x^ for each G /m- Then it can 
be verified that x ■ ■ ■ x Q"^ is a compact uniform attractor for ([2]). I 
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4 Proof of partial permanence and permanence 

Proof of Theorem |4] By condition (i), (|2]) has a compact uniform attractor Q. We 
first show the existence of p > such that 

\\xt{to,^)-Xt{to,^)\\ < y-^\\e'^'-''^ (47) 

for all to £ 1^0) <^,'ip ^ ^ and t > Iq. From ([2]) we have 

Xi{t, to, Lp) - Xi{t, to, ip) = ^iiO) - tpiiO) 

+ / [Xi{s,to,ip) - Xi{s,to,ip)]fi{s,Xs{to,<^))ds 



J to 

+ / Xi{s,to,ip)[fi{s,Xs{to,f)) - Ms,Xs{to,i'))]ds. 

J to 

By conditions (i) and (ii), there is a p > independent of to, t, ip and if) such that 
\xi{t,to,(p) -Xi{t,to,^)\ < |v2i(0) -V^i(0)| + p / \\xs{to,v) - Xs{to,i')\\ds 

J to 

for all t >to and all i E In, so 

yt>to, \\Xt{to,ip) - Xt{to,1p)\\ < \\(p - + p / \\xs{to,ip) - Xs{to,'ip)\\ds. 

J to 

Then p7|) follows from this and Gronwall's inequality. 

By condition (iv), for each (to, v?) G Mq x i^ieJ^i), there is a T(to, V') > such that 

S{to,(p) = ^ r/ y2qifi{to + s,Xt,+s{to,'p))ds > 0. (48) 

T[to,ip) Jo 

Then, by (H7|) and the continuous dependence of Xtito,^) on (to,V^), there is an open 
interval /(to, ip) C Mo and an open ball -B(to, ^p) of VL such that 



"^0 iGJ 



for all (t,'?/') e I(to,'p) X B(to,ip). Since f(t,(p) is To-periodic by condition (iii), we 
may assume that, for any integer k satisfying to + kTo G Mo, ^(^0 + kTo, ip) = T(to, ip) 
so 5(to + kTo, if) = 6{to, ip). By (H7|) . (ii) and (iii), we may also assume that 

J(to + A;To,</.) = J(to,¥^) + fcTo, 5(to + fcTo, y.) = S(to, ^). (50) 

Then, for any fixed i G Mo, ^ + ^0] ^ {f} is a compact set of Mo x and 

{/(to,<^)x5(to,</^):toG[£,£ + To]} 

is an open cover of [i, i+To] x {ip}. Thus, there is a finite open cover of [i, i + To] x {ip}. 
Combining f H9|) and (|50|) with this finite open cover, we obtain an open ball B{ip) 
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of fl, positive numbers 5i{ip), . . . ,Sm{f),Ti{ip), . . . ,Tm{^), and a finite open cover 
{/^, . . . , J'"} of Mo such that for each k e Im and for all {ti,ip) e x B{(p), 



Tki^) Jo 

Since Ujgjf2j is compact and : f G Ujgjfij} is an open cover of Ujgjf2j, there are 

(f^, . . . ,ipP G Ujgjfij such that {B{ip^) : j G /p} is a finite open cover of Ujgjf2j. Then, 
for each j & Ip, there is an integer rnj > such that (ISTl) holds after the replacement 
of m,I^ ,ip by rrij, P^, yj-' respectively. Now put 

T° = min{Tfc(v9^) : j e Ip,k e Im,}, 

= max{Tfc(v5^) : j e Ip,k e 
(5o = min{5fc(v5-') : j e Ip,k e Im,}- 

Then the function \^ : — t- M+ defined by 



v{x) = n 



is continuous and V"(x) = if and only if x G UjgjVTj. Thus, x G M;!^ is close to UjgjVTj 
if and only if V{x) is small. By the properties of fl, ip{0) is close to UjgjVTj if and only 
if 95 G n is close to Ujgjfij. Then we can choose /i > sufficiently small so that the 
set 

Si = {if en -.OK v{ip{o)) < 11} 

is contained in Uj(zi^B{(p^). 

We claim that for each ip e Si with ^Pi{^) > for alH G J and every to G Mq, there 
is a t > to such that V{x(t, to, ip)) > /i. Indeed, if V{x{t, to, < fi for all t > to, then 
Xt(to,ip) e Si C Ujg/p5(v9-') for all t > to. Since (p G Si, we have G B{(p^) for some 
J G Ip. As to G for some k G /mj , by ( IFIj) and the definition of T° and 5o; "we have 

Differentiation of V(x(t, to, v^)) gives 

V{x{t, to, p))' = V{x{t, to, ip)) ^ gi/i(t, xt(to, v?)). 

ieJ 

Then, with ti = to + Tk{p^), we obtain 

l^(ti,to,v2)) = V(v2(0)) expf / Vgi/(i(to + s,Xto+s(to,V5))rfs 
> r(v9(0))e^«^°. 

Since ■?/' = Xt^{tQ,p) G B{p^) for some n E Ip and ti G /"'^ for some A; G /m„, by the 
same procedure as above and with t2 = ti + ((/)"), we obtain 

V^(x(t2,to,<^) = V{x{t2,ti,^)) > V{^{0))e'"^" > V{p{0))e^'''^\ 
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Repetition of the above process infinitely many times leads to the unboundedness of 
V{x{t,tQ,(p)) for t > to- This contradiction to our assumption V{x(t,to,ip)) < fi for 
t >to shows our claim. 

Let a = inf {^jg J v?) : (t,{p) G Mq x The boundedness of / on Mq x 1] 

implies a G M. If a > 0, then, for any ip E Q with V{ip{0)) > p, 

V{x{t,to,ip)) = V{ip{0))exp( ^qifi{s,Xs{to,<p))ds 
> 1/((^(0))e"(*~*«) > /i 

for all to ^ ^0 and t > to- 
If a < then p = /ie""^^ G (0,/i). We show that V{x{t,to, ip)) > p for all G 
with V{lp{0)) > p and all to ^ l^o and t > t^. In fact, for fixed (p and to, we have 
either y(x(t, to, v^)) > for all t > to or \^(a;(ti, to, = /i for some ti > to but 
V{x{t, to, v^)) > p for all t G [to, ti). In the latter case, a-sip = Xt^{tQ, ip) G Si, for some 
j G Ip and /c G Jm^ we have 
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Thus, with t2 = ti + Tk{(p^), 

V{x{t2,h,^)) > Vi^me'"^" > V{ilj{0)) = V{x{ti,to,ip)) =p> p. 
For t G [ti,t2), 

V{x{tM,^)) = V{ij{0))exp([ Vg,/i(s,a;,(ti,^))ds) 
> /ie"(*-*°) > /ie"^' = p. 

Hence, \^(x(t, to, v^)) > p for all t > to- 

This shows that for each ip E Q with (piiO) > for alH G J and for every to G Mo, 
there is a T > to such that V{x(t, to, v^)) > p (/x), if a < (> 0), for all t >T. Let 

5 = mi{ipi{0) : V{ip{0)) = p,ip en,i e J}, (52) 
M = sup{||(^|| -.ipen}, (53) 

if a < and replace p by /i in (l52l) if a > 0. Then 

\/i e J,^t>T,6 < x,(t, to, <^) < M. 

Therefore, (E]) is partially permanent with respect to J. I 

Proof of Theorem [5] By Theorem HI we need only prove that for all {to,ip) G 
1^0 X (UieJ^i), there exists a T = T(to, v^) > such that 

1 /"^ 

7f Y] + + Li{Xt^+s{to, <^))]ds > 0. (54) 
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We proceed by induction on the number m of positive components of 

When m = 1, we have ipk{d) > for some k E 1^ and all 6 G [— r, 0] and fj{6) = 
for j G /at \ {k}. Then Xj(t, t^, y?) = for t > and j ^ k and Xfc(t, to; satisfies 

/o ;-0 
Xfc(t + 9)d^kk{0) - hk J Xk{t + 6)di]kk{0) 

It can be shown (see P, Lemma 6]) that lim inft_5.oo Xk(t) > 0. Then In Xkit) is bounded. 
Now integration of the above equation gives 

lnxk(t) — InxJto) , , , , \ / \ /i\ 

— = m(rfc, to, t) + (afcfc - bkk)m{xk, to, t) + o(l) 

t — to 

as t — )■ +00, where the o(l) term has the precise expression 
1 



t-t. 



to pt 

Xk{s)ds- j Xk{s)ds d[akk^kkiO) - bkkVkkiO)]. 



As the left-hand side vanishes when t — )■ +oo and limi_^+oo '"^('"fc, ^o, ^) = ^k, we must 
have 

^k 

lim m{xk,to,t) = > 0. 

*^+°° hk - ctfcfc 

Then limt_j,_|_oo m{x, to, t) = x with Xk = fkj {bkk — dkk) and xj = for all j G In\ {k} 
and 



1 /■* 

lim - — — / qi[ri{s) + Li{xs(to,'~p))]ds 
lim qi[m{ri,to,t) + (A - B)ini{x,to,t)] 

t— 5>4-oo ' 





As x G UjgjTTj is a fixed point of f lT7|) . by f|T9|) we have ^i^j^iifi + {A — B)ix) > 0. 
Then fl5^ holds for large enough T > when m = 1. 

Assume that (l54l) holds for some m > 1 and all <y9 G Ujgjfij with at most m positive 
components. Now suppose ip^ G Ujgjf^i has m + 1 positive components and we show 
that (Elj) also holds. Let Ji = {j G /at : V5°(0) > 0} with | Ji| = m + 1 and let 

Note that i^"^^ C Ujgjfij. Since f2 is a compact uniform attractor of (j2]), for each 
j E In, Qj is a compact uniform attractor of the — 1-dimensional subsystem of ([2]) 
with Xj = and fl"^^ is a compact uniform attractor of the corresponding (m + 1)- 
dimensional subsystem. Since ip^ G intQ'^^, we have Xf(to,V^°) ^ intfi"^^ for all t > to- 
There are two possible cases for the limit set a;(to,v9°) of Xt(to,v9°) as t — +oo: (a) 
uj{to,^^) t dn-^' and (b) a;(to,<^°) C dn-^K 

(a) In this case, there is a. ip E intQ-^^ and a sequence {t„} with t„ — )• +oo as 
n — )■ oo such that lim„_>ooa;t„(to, V^") = 'ip- Then lim„_).oo a;(tn, to, V^°) = "^(0) so the set 
{lnxj(t„,) : j G Ji,n> 1} is bounded and 

lnx, (t„) - ln(/?°(0) , , 

Vj G Ji, lim ^ ^ = 0. (55) 

n-i^oo tn — to 
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Integrating the jth component equation of ({2]) with (fT2l) - (fT6|) as we did in the base 
case m = 1, we obtain 

lnxj{tn) - lnv2?(0) 

— = m{rj,to,tn) + {A- B)jm{x,to,tn) + o(l) 

tn ~ to 

as n — 7- oo. This, together with f l55|) and hm„^oo '"^('"j, ^o, ^n) = rj, gives 

Vj e Ji, hm {A - B)jm{x, to, tn) = -rj- 

n—^oo 

By choosing a subsequence of is necessary, we may assume that 'm{x,to,tn) tends 
to X as n — )■ oo. Then x G njg7^\j^7rj C UjejVTj and {A — B)jX = —fj for all j G Ji. 
Thus, X is a fixed point of ( IT71) in UjgjVTj and, by ( |T9l) . Xliej + ~ B)ix] > 0. It 
then follows that 



lim — / qi[ri{s) + Li{xs{tQ,ip^))]ds 

lim qi[m{ri, to, tn) + {A - B)im{x, to, tn)] 

n—>-oo ' ' 

^qi[f, + {A- B),x\ > 0. 



Therefore, for n large enough, (15^ holds with T = tn — to- 
(b) For each {ti,ip) G Mq x dn-^\ 

since has at most m positive components, by 
the inductive hypothesis there is a T(ti, f)>0 such that 

/ /-"^ihl^i + + Li{xt,+s{ti,v))]ds > 0. 

For this fixed (ti,ip), by continuous dependence there is an open interval I(ti,(f) of 
Mo and an open ball B(ti,ip) of Q'^^ such that for all {<7,ip) G I(ti,ip) x B(ti,ip), 

/ gihlo" + s) + Ivi(x<^+s(o-, > 6{ti, V9), 

"'0 .V- r 



Tituif) Jo 

^{ti, <^) = V / Y] Qihih + s) + Li{xt,+siti, <^))]ds > 0. 

2T[ti,ip) Jo ^ 



Since r(t) is To-periodic and fl"^^ and dQ"^^ are compact, by the same technique as that 
used in the proof of Theorem H] we obtain an open set ^0 of n-^^ with dn-^' C ^o and 
numbers 6o > 0, > and > r° satisfying for all (cr, ■?/') G Mo x So, 

3T G [T°,T^] such that ^ I y^q,[r,{a + s) + L,{x^+,{a,ij))]ds > So- (56) 

From ( ISBj) we see that for any (cr, ■?/') G Mq x 5*0, if Xt{<J, ip) G 5*0 for all t > cr then 
there are T„ > such that 

I y^.^iVM + s) + Li{xaJ,s{,cr,'ilj))]ds > nT°5o +oo (n oo). (57) 
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Now that uj{to,(f'^) C dVl-^^ C 5*0, there is a a > to such that Xi(to,V^°) G 5*0 for all 
t> a. Then there is a T > for {tQ,ip^) such that ( |5^ follows from ( 1571) . 

By induction, (El) holds for all {to,(p) G Mq x (Uiej^i). Therefore, (E]) with (fT2l)- 
([T6l) is partially permanent with respect to J. I 
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